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The well known Klein paradox for the relativistic Dirac 
wave equation consists in the computation of possible "neg- 
ative probabilities" induced by certain potentials in some 
regimes of energy. The paradox may be resolved employing 
the notion of electron-positron pair production in which the 
number of electrons present in a process can increase. The 
Klein paradox also exists in Maxwell's equations viewed as 
the wave equation for photons. In a medium containing "in- 
verted energy populations" of excited atoms, e.g. in a LASER 
medium, one may again compute possible "negative probabil- 
ities" . The resolution of the electromagnetic Klein paradox is 
that when the atoms decay, the final state may contain more 
photons then were contained the initial state. The optical 
theorem total cross section for scattering photons from ex- 
cited state atoms may then be computed as negative within 
a frequency band with matter induced amplification. 

PACS: 03.65Pm, 03.65Nk, 32.80-t, 42.50.ct 



I. INTRODUCTION 

At a time in which the properties of relativistic elec- 
trons (implicit in the Dirac equation [jlj for the spinor 
wave function) were not so well understood, Klein pre- 
dicted a "paradox" associated with the problem of re- 
flecting an electron off a step potential. The reflection 
coefficient R and the transmission coefficient P (induced 
by the step potential) obey an expected sum rule 



R + P =1 (exact). 



(1) 



However, for some step potential heights and for some 
incident energies 



R > 1 (possible). 



(2) 



Eqs.(l) and (2) imply the possibility of a negative trans- 
mission "probability" coefficient; i.e. P < is possible 
and therein lies the paradox. 

The Dirac wave equation for electrons and positrons 
allows for a physical picture which clarifies the meaning 
of the Klein paradox |g{ and thus removes it as a 

possible objection to the Dirac theory. When an elec- 
tron hits the step potential, it is possible to create an 
electron-positron pair. For such an event, two electrons 
may be reflected from the step potential when only one 
electron was incident. The added positron may then be 



transmitted into the step potential. Such an event, if suf- 
ficiently probable, may yield R > 1 since more electrons 
may be reflected from the step potential than are inci- 
dent. Furthermore, P < may be interpreted to mean 
that the current of the transmitted positron wave is di- 
rected oppositely to that which would have been carried 
by an electron wave moving at the same velocity. 

Our purpose is to point out that the Klein paradox 
is intrinsic to relativistic particles JlO| |l3[| and in 
particular applies to the photon. For the electromagnetic 
case, the wave equations for the photon in space-time are 
merely Maxwell's equations. To understand the nature 
of the Klein paradox for photons we may recall the clas- 
sical results discussed by Rayleigh. Suppose a spherically 
symmetric target with a fluctuating dipole moment which 
scatters an electromagnetic wave. We suppose that the 
electric dipole moment p(t) response to an applied elec- 
tric field 

E(i) = 3?e {E e- lC *} with Qfm(C) > 0, (3) 
is given by 

p(t) = Ke{a(C)E oe - ift }. (4) 

Here a(Q is the target polarizability. 

Rayleigh asserted that the elastic scattering amplitude 
for an incident electromagnetic wave onto the polarizable 
target is given in the dipole approximation by 



Fi->f = (^j e} ■ ej, a(u) + i0 + ) 



(5) 



where ej and e/ are, respectively, the initial and final 
polarization vectors. Averaging over initial polarization 
and summing over final polarizations yields the elastic 
differential cross section 

(£r)-5?s>~/i" 

\ ' if 

= i(l + cos 2 0) (^.y \a(uj + i0+)\ 2 , (6) 

/ da e i 



which implies for the elastic cross section a e i 
that 



(7) 
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For understanding the Klein paradox for electromag- 
netic waves it is more important to discuss the total cross 
section which involves the optical theorem 



( 47TC x 



in the form 



The expected sum rule is that 

<Jtot{u) = (T e i(uj) + (T in (uj), 



(8) 



(9) 



(10) 



where <7j„(u;) is the inelastic cross section. In the com- 
monly studied case in which the target "absorbs" radi- 
ation one has a positive total cross section <Ttot(w) > 
since 

uQm (a(u> + i0 + )) > (absorption band). (11) 

On the other hand, for a target in some excited energy 
state, (say) with atoms having "inverted' energy popula- 
tions, there will exist frequency bands in which 

wSto (a(u> + i0 + )) < (amplifier band). (12) 

The optical theorem in the form of Eqs.(9) and (12) yield 
the following. 

The Optical Klein Paradox: If B is the set of fre- 
quencies within which the target is an electromagnetic 
amplifier, then 



a tot {uj eB)<0. 



(13) 



A negative total cross section in an amplifying fre- 
quency band is only at first glance an impossibility. The 
purpose of this work is to discuss physical meaning of the 
optical Klein Paradox for amplifiers such as inverted pop- 
ulation targets, e.g. "pumped" LASER materials [[l4[ . 
For the case of the Dirac equation, pair production al- 
lowed (without changing total charge) for more electrons 
in an outgoing state than were present in the incoming 
state. This simple fact makes transparent the notion of 
a negative forward transmission coefficient P < 0. Simi- 
larly, for an excited state target one incident photon can 
give rise to two photons in the outgoing state when the 
excited state target is induced to decay (say) into a tar- 
get ground state. In an electromagnetic scattering ex- 
periment, there can be more radiation behind the target 
than that which would exist if the excited radiating tar- 
get were removed. 

In Sec. II, we consider an electromagnetic wave travel- 
ing through a medium with a dielectric response function 
e(C)- For a dilute density per unit volume n of polarizablc 
targets in the medium, the dielectric response 

e(C) = 1 + 47ma(C) + ... if |47rna(C)| « 1, (14) 



so that 

%m(e(uj + i0 + )) = Ar:n^m(a(uj + i0+)). (15) 

The properties of e(ui + i0 + ) within an amplifying fre- 
quency band B will be explored. In Sec. Ill, the con- 
cept of a negative noise temperature T n will be defined. 
The definition of an amplifying target will be related to 
the notion of negative noise temperature T n (ll]|l(| . It 
will be shown that an amplifying frequency band B may 
equally well be defined by the notion of a negative noise 
temperature T n (u> £ B) < 0. The electromagnetic Klein 
paradox occurs in all material systems exhibiting a neg- 
ative radiation noise temperature. The general optical 
theorem will be proved in Sec. IV without regard to the 
sign of the noise temperature. Physical examples will be 
discussed in the concluding Sec.V. 



II. A TRAVELING PLANE WAVE IN MATTER 

Consider an electromagnetic plane wave 
E = (E e^ kz - Ut ^ 



(16) 



traveling through a medium with a dielectric response 
function e(£) so that 



k = -\Je{uJ + i0 H 



(17) 



The intensity of the light beam described by the plane 
wave is proportional to 



E|2 = I|E | 2 exp(-/ l z) 



defines the extinction coefficient 



i(k). 

From Eq.(18) it is evident that 

an absorbing medium (h > 0) 

and 

an amplifying medium (h < 0). 



(18) 



(19) 



(20) 



For a medium consisting of a dilute gas of polarizablc 
particles for which n\a(u) + i0 + )\ << 1, it follows from 
Eqs.(14), (17) and (19) that 

h = natot = 4:Tt(uj /c)^$ma(cd + i0 + ). (21) 

Eqs.(20) and (21) imply the optical Klein theorem: 



an absorbing medium (cr tot > 0) 

and 

an amplifying medium =>■ (crtot < 0). 



(22) 



The paradox of having crtot (w e 8) < in an amplifying 
frequency band B has now been formally proved. 
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III. NOISE TEMPERATURE AND SPECTRAL 
FUNCTIONS 

The quantum spectral functions for dipolc moment 
p(t) fluctuations in a target may be defined by 

S±(w) = 



(23) 



where pi is the target probability of being in an initial 
energy eigenstate H \ I) = Ei If the initial target is 
at temperature T, 

Pi (Thermal) = exp ( — — — - ] (Equilibrium), (24) 
\ k B T J 

then the spectral functions in Eq.(23) obey the detailed 
balance condition 



S-(u>) = S+(uj) exp — 



(Equilibrium). (25) 



The notion of having a noise temperature T n (u) which 
depends on frequency follows from the definition 



S—(co) — S+(uj) exp 



k B T n {uj) 



(General). (26) 



The Kubo formula for the electric polarizability of the 
target, 



«(0 



3fi 



e«* (p(t) • p(0) - P (0) • p(f)> dt, (27) 



may be written in terms of the spectral functions in 
Eq.(23) employing 



<p(t)-p(0)-p(0).p(t)> 

3 / e- luJt (S+{lj) -S-(u))du. 



Eqs.(27) and (28) imply 



S+(w) — S_ (lo) 



duj, 



(28) 



(29) 



from which one may deduce that 

9m (a(w + i0 + )) = (J) (S+(uj) - S_(w)) . (30) 
Eqs.(9), (26) and (30) imply 

*M = (^) (l - e-WW)) (31) 

One may define the "symmetrical" noise spectral func- 
tion according to S = (1/2) (5+ + S_). In terms of 



S(w) = i (l + e -«"/*s T »M) S'+H, 

which in virtue of Eq.(23) obeys 
S(uj) > 0, 



(32) 



(33) 



Eq.(31) reads 



tanh 



k B T n (u>) 



S(cu). (34) 



Eqs.(33) and (34) are the central results of this section. 
They allow Eq.(22) to be written in terms of the noise 
temperature as 



(absorbing) T n {uo) > 
and 

(amplifying) T n (w) < 



(<T tot (w) > 0) 
((T tot (w) < 0). 



(35) 



Thus, the frequency band B in Eq.(13) which is amplify- 
ing can be characterized as having a negative noise tem- 
perature T n (uj G B) < 0. As will be discussed in the 
concluding Sec. V, a variety of negative temperature sys- 
tems [ p^lJl^ ] can be thought to exhibit the electromag- 
netic Klein paradox. 



IV. GENERALIZED OPTICAL THEOREM 

In this section it is shown why the optical theorem 
of Eq.(8) holds true for an elastic scattering amplitude 
at positive or negative noise temperature. The negative 
noise temperature regime gives rise to a negative total 
cross section. 

Suppose an electromagnetic wave is incident on a tar- 
get localized near the origin of the spatial coordinate sys- 
tem. The electric field far from the target then has the 
familiar scattering form as r — > oo; i.e. 



E -> 3?e <! E e~ luJt f e,;e Mz/c 



F • ei- 



, (36) 



where F is the dyadic elastic scattering amplitude 

■> <yF-<v (37) 
The intensity of the incident wave in Eq.(36) is given by 



h = 



The intensity of the full wave is given by 



I = 



4tt 



(38) 



(39) 



The optical theorem proof envisages detecting radia- 
tion directly behind the target but far away. We employ 
polar coordinates r = (x,y,z) = (r±,z) and the limits 
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z — > oo so that r± << z. The total cross section is 
then usually viewed in terms of the "missing intensity" 
detected on a screen placed directly behind but far away 
from the target. In mathematical terms, the total cross 
section may be defined as 



fftotal 



= lim 



I - I(t±,z) 



d 2 r ± . 



(40) 



It is crucial to understand the physical meaning of 
Eq.(40). If the intensity behind the screen / is less than 
the incident intensity I , i.e. if I(r±,z — ► oo) < I , then 
the total cross section is positive a tot > which is most 
often presumed. The intensity behind the target is usu- 
ally less than in the incident radiation because (i) the 
radiation is elastically scattered away at some angle with 
cross section a e i or (ii) the radiation was inelastically ab- 
sorbed by the target with cross section <7j„. Altogether, 
otot — o~ e i + °m as in Eq.(10). But now consider Eq.(40) 
if the target is in an excited state. The target can be in- 
duced to decay by the incident radiation making the in- 
tensity on the behind the target screen bigger than the in- 
tensity of the incident radiation; i.e. I(r±,z — > oo) > Iq 
is a distinct possibility due to the added radiation from 
the decaying target. The excited target case a to t < is 
thus quite possible. 

In either of the above cases the optical theorem of 
Eq.(8) holds true as we shall now prove. From Eqs.(36)- 
(39) it follows that as z — > oo and as 



+ r\ -> z+ (r 2 ± /2z) + 



(41) 



the intensity on the screen behind the target obeys 



Iq - ^(r_L,z) 



-Ue 



i{ujr ± /2cz) 



(42) 



V. CONCLUSIONS 

We have shown that the electromagnetic Klein paradox 
arises in the form of a possible negative total cross sec- 
tion o~ t ot for radiation to scatter off a target in an excited 
state. An excited state target can be viewed as having 
a negative noise temperature. Negative noise tempera- 



ture targets are a reality (17|-|19| for LASER or MASER 
pumped materials. 

A negative electromagnetic cross section simply means 
there is more radiation energy behind the target in the 
outgoing state than there would be if the target were not 
present. The target then represents an electromagnetic 
amplifier. The amplifier must be pumped into an excited 
state by an external energy source before the next inci- 
dent wave is sent to scatter off the target. Such amplifiers 
have been of considerable interest in astrophysics pp|-|2~^] 
where they occur naturally in interstellar media. 

The relativistic Klein paradox does not in reality im- 
ply any sort of negative probability. In the Dirac theory, 
one may create (from pair production) more electrons in 
the final state than were present in the initial state. But 
in probability terms total charge would remain conserved 
|p5| j30| . Similarly, in the Maxwell theory, one may cre- 
ate (from atomic quantum state decays) more photons 
in the final state than were present in the initial state. 
But in probability terms the total energy would remain 
conserved. From the above optical theorem proof, the 
total cross section for the scattering of electromagnetic 
radiation may obey cr tot (a) £ B) < because the radi- 
ation energy in the final state may exceed (by far) the 
radiation in the initial state, but the probability for the 
scattering event is nevertheless positive. In this manner, 
the electromagnetic Klein paradox may be resolved. 



which comes from the interference term when one takes 
the absolute square of the amplitude in Eq.(36). Now, 
Eqs.(40) and (42) imply the total cross section 



Ctot 



lim 3?e 




2F % ^ l e l ^ r ±l 2cz) 



d 2 r. 



(43) 



Using J(...)d 2 r± — > 2ir J* °° (...)r±dr± allows for a simple 
evaluation of the integral in Eq.(43) leading to the optical 
theorem 



0~tot 



( 4-7TC 



(44) 



It is important to note that the proof of the optical 
theorem given above in no manner invokes the sign of 
the total cross section. If the net intensity on the detec- 
tors directly behind the target is less than the incident 
intensity, then a tot > 0. If the net intensity on the detec- 
tors directly behind the target is more than the incident 
intensity, then a to t < 0. In cither case Eq.(44) holds true. 
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